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For gas-solid noncatalytic reactions following the sharp-interface modei, some
Jundamental aspects, not discussed previously in the literature, are presented for
particle shapes where diffusion processes are described by a single space dimension.
A detailed structure analysis of the solution for monotone nonlinear kinetics reveals
interesting differences in the dynamics of the interfacial reaction front, including
local maxima and minima in the rate of reaction interface motion, depending on
particle shape and expanding or shrinking particle size. Rigorous shape inequalities
on the interfacial reactant concentration, the motion of the reaction front and the
particle conversion for the sphere and slab, and cylinder and slab geometries are
obtained for any nonlinear monotonically increasing reaction kinetics and a wide
range of parameter values. By taking advantage of these inequalities, the fraction
of original solids of spherical or cylindrical shape, which remains unconverted at
the exit of a fluidized-bed reactor, is bounded by the corresponding quantities related
to the slab shape. As an example, a first-order reaction of the gaseous reactant is
considered, where expressions for the reactor are obtained analytically, without any
assumptions about possible controlling regimes. These analytical bounds for reactor

conversion closely approximate the numerical solutions for design purposes.

Introduction

In the context of gas-solid noncatalytic reactions, several
models have been developed (cf. Szekely et al., 1976; Dorais-
wamy and Sharma, 1984 for comprehensive reviews). This
work focuses on the sharp interface model (SIM), which is
applicable to relatively nonporous solid reactants. The reaction
is assumed to occur at a sharp interface between the product
layer and the unreacted core of the solid consumed as the
reaction proceeds. Despite its simplicity, the SIM can be used
to describe, once incorporated into a suitable reactor model,
a variety of chemical and metallurgical processes including the
roasting of zinc sulfide (Yoshida and Wen, 1970) and the
combustion of coal (Baron et al., 1978). For isothermal con-
ditions, equimolar counterdiffusion of reacting and product
gases, and pseudo-steady-state approximation, new features
of the SIM have been uncovered (Cao et al., 1993) by analyzing
the structure of the solution as the reaction evolves in time for
spherical particles of unchanging size. An a priori description
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of the reaction process, which is independent of the kinetic
law with respect to the gaseous reactant, was obtained. In
particular, we demonstrated that the gaseous reactant concen-
tration at the reaction interface reaches the bulk value at the
cessation of the reaction, either increasing monotonically or
going through a minimum, depending on the extent of the
external mass-transfer resistance. It is worth noting that the
resulting physical insight permitted us to develop a strategy
for obtaining rather good approximate analytical solutions for
the time to reach a desired conversion of the solid reactant for
several nonlinear monotonically increasing kinetics with re-
spect to the gaseous reactant.

If the volume of product formed differs from that of the
solid reactant, the particle size changes as the reaction occurs.
In particular, the particle expands (or shrinks) in size if the
volume of product formed is larger (or smaller) than that of
the solid reactant. A number of examples of noncatalytic gas-
solid reactions following the SIM with particles of changing
size have been reported (cf. Levenspiel, 1972). This work ex-
tends the analysis of the qualitative behavior of gas-solid non-
catalytic reactions following the SIM, developed in our previous
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study (Cao et al., 1993) for spherical particles of fixed size,
to the case of one-dimensional geometries, that is, slab, cylin-
drical and spherical particles of changing size. Mazet (1992)
presented some considerations for the effect of particle ge-
ometry, as well as the ratio of the product and reactant densities
for the case of SIM. Although some interesting comments were
made on the rate of advance of the reaction front in various
controlling regimes, only the first-order reaction of the gaseous
reactant was treated, and it was claimed that a systematic study
was not feasible for kinetics of arbitrary order. This article
shows that for any nonlinear monotonically increasing kinetics,
a systematic analysis of the evolution of the reaction as a
function of the physicochemical parameters is possible, and
this allows us to establish rigorously the effect of particle
geometry for both fixed and changing sizes.

Depending on the relative magnitudes of external mass trans-
fer and internal product layer diffusional resistances, dynamics
of the interfacial reaction front are uncovered. Rigorous shape
inequalities on the interfacial reactant concentration, motion
of the reactant front and particle conversion for the shape and
the slab, and the cylinder and the slab combinations are ob-
tained for any monotone nonlinear kinetics and volume change.
By taking advantage of this @ priori information, it is dem-
onstrated that the fraction of original solids of either spherical
or cylindrical shape which remains unconverted at the exit of
a fluidized-bed reactor, is bounded by the corresponding quan-
tities for particles of slab shape.

For a first-order reaction, by comparing the analytical
bounding expression to numerical computations, it is shown
that this bound on the mean conversion of the solids leaving
the reactor is a good measure of the true value and can be
used easily for design purposes for constant volume, shrinking
or expanding particles.

Basic Equations

In this section, we present the governing equations for an
isothermal nonlinear noncatalytic reaction occurring in a one-
dimensional slab, cylindrical or spherical particle of initial
characteristic size R, between a gas A and a solid B, according
to the general scheme:

VAA(g) + VBB(S)—'VPP(g) + V_gS(S).

The reaction is assumed to occur at a sharp interface between
the exhausted outer shell and the unreacted core of the solid,
that is, the SIM holds. In addition, equimolal counterdiffusion
of gaseous reactants and products is assumed, and the pseudo-
steady-state approximation is made. To include various particle
shapes in the analysis and yet account for solid volume change
during reaction, the characteristic initial value R,, particle size
R, and interface R; coordinates are defined, where R represents
the slab half-thickness, and the cylinder and sphere radius. To
illustrate the change of volume during reaction, the case of a
sphere is shown in Figure 1. By considering the moles of B
reacted and moles of S created, together with the reaction

X

Figure 1. Sharp interface model for a sphere for shrink-
ing (y<1), constant volume (y=1) and ex-
panding (y> 1) particles.

where Fp=1 for slab, 2 for cylindrical, and 3 for spherical
particles, respectively.

Diffusion of the reactant gas through the external film around
the particle and through the product layer are the resistive steps
involved before the reaction occurs. The rate of the former
can be written as

Ry=5pks0(R/Ro) ™" (Cap— Cuy) @

where S, represents the particle surface area at any time. The
film mass-transfer coefficient for the case of particles with
changing size can be related to the corresponding value k, if
the particle had remained of constant size (cf. Carberry, 1976),
through the ratio of the change in particle dimension (R/R,),
and a positive parameter n that depends on the particle Reyn-
olds number. The expressions for the diffusion rate through
the product layer can be derived easily for any particle geometry
and are given as follows:

stoichiometry, the following relationship can be obtained: R,=S,D Cus—Cai F=1 3)
e R-— Ri y
Fo\ I/F,
ps¥sMs PB”SMS) (Ri> } ’ Cy—Ca;
R = R + I - - (l) = As Al -
0 {psVBMB ( psVBMB Ro RA SPDeR In (R/R,), Fp 2 (4)
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CAS— CAi
= —_ F =3 5
Re=SDm-RyR/RY ©

for a slab, cylindrical and spherical particle, respectively. The
rate of chemical reaction at the interface can be expressed in
the general form

RA = Spif { CAi) (6)

where f(C,,) is any nonlinear monotonically increasing func-
tion, and S, is the surface area of the unreacted core. The
material balance for the solid reactant B in terms of movement
of the reaction interface is given by

d [4:] 4]
——|{V,—)=—R 7
dt ( P MB) V4 A ( )
with initial condition
R=R,=R,; t=0. 8

Introducing the dimensionless quantities

Cus Cai . KkeoRo
u=—", ===, Bi=—t—,
Cas Ca D,
z=& Va= R, =”Bf(CAL-)MBt
Ry ™ Spof(Cas)’ vappRy
S(Cap) Ry ppvsMy
Da= y = , (9)
D.Cys psveMp
Equations 1-8 reduce to their dimensionless forms
a=[y+(1-7y)z" (10)
Bi(l~u) x_\_msr
=T T 11
Va Do © (11)
(u;,—u;)
Ya=—p—4la(2), 2] (12)
]
gu)=y./zto " (13)
dz
= i 14
a g(u;) (14)
z=1, 71=0, 1%

where the function gla(z), z] is related to particle geometry
as follows:

qla(z), 2= (a—2) ", F,=1 (16)

qla(2), 2 =[n@"*/2)1"', F,=2 (17)
z 1/3

gla(2), z]=?&,—f‘q, F,=3. 18)
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The solution of the problem given by coupling Egs. 10-18
provides the dimensionless position of the reaction interface,
z which is related to the solid conversion, X through

X=1-2% (19)

as a function of time, 7. Analytical solutions of this problem
can be found by combining Eqs. 10~13 and 16-18 and sub-
stituting the obtained kinetic expression into Eq. 14, only if
g(u;) is a linear function. In such a case the problem can be
solved for 7 as a function of z (or X) in a straightforward
manner (cf. Carberry, 1976; Doraiswamy and Sharma, 1984).
Rather good approximate analytical solutions to this problem
for nonlinear monotone kinetics, g(u;), were obtained recently
(Cao et al., 1993).

Analysis of Reaction Behavior

One aim of this work is to examine the structure of the
solution as the reaction evolves in time, starting with zero solid
conversion (z=1), going eventually to completion (z=0), to
obtain a priori information about the reaction progress. For
this, note that coupling Eqgs. 10-13 and 16-18 gives

fr,(2) =25 "[Bifgla(z), 21} + (ot Ty Y

_Bi(l-u)_,
~Degtny =hw- @0

It should be clear that the nature of functions fr, and A
governs the exact evolution of the reaction in time. The func-
tion f contains the effects of particle shape (F,), volume ex-
pansion (), and the interplay between the external mass transfer
and product layer diffusion (Bi and n). As we shall see, de-
pending on the numerical values of these parameters, pr ex-
hibits some subtle and unusual features.

For the rate functions, g(x;) is monotone increasing
[¢’ (4;) =0]. For such g, ' <0: h decreases as y; increases. As
is usually done (Doraiswamy and Sharma, 1984; Mazet, 1992),
the analysis for the sphere and cylindrical particle geometries
will be performed for the low Reynolds number, where n=1.
This assignment of » is appropriate for the large class of flu-
idized ‘‘areatable’’ particles as defined in Geldart’s diagram
(Geldart, 1986). For the slab, the n=0 case is also discussed,
but the corresponding results are reported in the Appendix.

The case of two different particle geometries is detailed: the
slab (F,=1) and sphere (F,=3), since the arguments for cy-
lindrical particles (F,=2) are similar to those for spherical
ones. The engineering justification of the flat plate geometry
comes from its simple representation of the limited penetration
case even in more complex geometries, as well as its ability to
generate shape-independent bounds. In the context of the for-
mer, the increase in the external film mass-transfer coefficient
kg for shrinking particles (y<1) suggests that n=1 be con-
sidered but for the flat plate » =0 is also of interest. Moreover,
it not only allows for simpler analytical derivations but also
provides somewhat better bounds for vy > 1, as will be described
later. The mathematical analysis is augmented by the use of a
number of illustrations (Figures 2 and 3).
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Figure 2. Slab particles (F,=1).

a) Shape of f; and ¢, curves; b) classification of regions in the

Bi-y plane.

Slab particles: F,=1

From Eq. 20, for particles of slab shape and n=1, we have

[i(2) =v(Bi+ 1) —y(Bi+ D)z +2=h(u) @n

It follows from Eqgs. 20 and 21 that there exists a unique value
of z for any given u,. Figure 2a displays the straight lines f;
of Eq. 21 vs. the interface coordinate z, with slope f;
=}—+y(Bi+1) for various combinations of the parameters v
and Bi. For a shrinking particle (y < 1), the three lowest lines
in Figure 2a are obtained for Biincreasing from zero. By setting
fi =0, it follows that Bi=(1 ~~)/v, which allows us to define
the regions in Figure 2b. Region I corresponds to the case
where y< 1 and Bi< (1 —v)/v. In this case, as z varies from 1
to 0 (zero solid conversion to reaction completion), f;(z) de-
creases monotonically from fi(1)=1to fi(0)=vy(Bi+ 1)<1, as
shown by the lowest line of Figure 2a. On the other hand,
region II corresponds to the case where Bi>(1—v)/y, which
implies that f,(2) increases monotonically from fi(1)=1 to
fi(0)=+v(Bi+ 1)>1, as shown by the middle line of Figure 2a.

Accordingly, from the righthand side of Eq. 20, the reaction
starts at a value of u;=u;, given by the unique solution of
h(u;)=f,(1)=1 and goes to completion at a value of u;=u;
given by the unique solution of (%) =f1(0)=+(1 + Bi) by fol-
lowing the curve fi(z). As z varies from 1 to 0, the corre-
sponding value of the interface gas concentration, ;is obtained
from the solution of A (u;) =f,(2), as given by Eq. 21. It follows
then for a shrinking (y < 1) slab with n=1 that as the reaction
proceeds, ; increases or decreases monotonically from u;, to
uy, if the parameters Bi and « lie in region I or II in Figure
2b for y< 1, respectively. Figure 2b for v>1 depicts region I1
to include the entire area above the v axis.

In physical terms, the behavior can be understood as follows.
For y> 1, the particle size dimension (R), the product layer
thickness, and the external mass-transfer resistance from Eq.
2 all increase as the reaction proceeds. Thus the interfacial
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reactant concentration, u; decreases, resulting in increased A (u;)
and hence f;(z) following Eq. 20. For this reason, with the
progress of reaction, that is, the reacting interface z decreasing,
the function f (z) increases as observed in Figure 2a. On the
other hand, for y< 1, both particle size and reaction interface
dimensions decrease as the reaction proceeds. Following Eq.
2, now the external mass-transfer resistance decreases while
the product Jayer resistance always increases. Hence the mag-
nitude of the Biot number, Bi, governs which resistance dom-
inates. For smaller Bi, the external resistance is the stronger,
so u; increases and f; get smaller as z goes from 1 to 0. The
reverse occurs for larger Bi, and the crossover is shown geo-
metrically in Figures 2a and 2b.

Spherical particles: F,=3
In this case, Eq. 20 becomes

Si(z)= (Bi-Dz{1—z[(1-72+41" "} +z=h(u), (22)

whose behavior is again determined by the relative magnitudes
of v and Bi. It is apparent that Eq. 22 may admit multiple
solutions for a given ;. Since f3(1) = 1 and £;(0) =0, and £;(z) >0
as z varies from 1 to 0, this can be demonstrated by considering
the expressions of the first and second derivatives of Eq. 22,
which can be written as:

(23)

Ayt
K (z)=(Bi-1){1, (=77 +2vz}+1

(=2 +7*°
£ (@)= (Bi-D2NIA -2 =11~ +4]777. (24)

Note that f/(0)=Bi is always positive, while fy(1)=1
-+ (Bi—1) changes sign from positive to negative as Bi in-
creases across Bi=1++"! for any positive volume ratio .
Since for all ¥ > 0.5, the second derivative, £, is always positive
below (i’ >0 for Bi<1, v>0.5) and negative above (f;” <0
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Figure 3. Spherical particles (F,=3).

a) Shape of f; curves, ¥>0.5; b) shape of F; curves, 0<vy<0.5;
and ¢) classification of regions in the Bi-y plane.
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for Bi>1, y>0.5) the unit value of Bi, the plot of f; vs. the
reaction coordinate, z can be constructed easily. The curves
in Figure 3a are labeled from the bottom to the top for in-
creasing Bi. For Bi=1, f; is a straight line of unit slope. For
Bi<1++~~', the slope of f; is positive at both ends, and from
either £ >0 for 0<Bi<1 or fy <0 for 1<Bi<l+%~', no
extremum in f; can exist. For Bi> 1+, the slope of f; at
z=1 becomes negative and f;” <0, so a single maximum in f;
above the value of unity must occur. In the Bi-y plane (Figure
3¢) for a sphere, the single maximum region is labeled II and
the region with no extremum is labeled I.

In the remaining part of the interval, 0<vy<0.5, from Eq.
24 f; has a single zero fy" (£) =0 at the inflection point

Z=[y/Q - 2%

The second derivative goes from positive to negative for Bi<1
and negative to positive for Bi>1, as z varies from 0 to 1.
Again the case Bi=1 is a straight line of unit slope as shown
in Figure 3b. The behavior of f; depends on the sign of the
slope at the inflection point f* (Z), from Eqs. 22 and 25

fi(2) = (Bi—-D{1-3/2°0 -1} +1, (26)

and with increasing Biot number, f; (£) crosses from positive
to negative when fy () =0

Bi=[1-2"*(1~~)"*/3}"". @7

In Figure 3b, for the lowest three curves for 0<Bi< [l -
231 =)3/3]7", all three derivatives £y (0), fy (£), and fi(1)
are positive and no relative extremum exists. Once the inflec-
tion point derivative changes sign, f; (£) <0, and a local max-
imum must exist between 0 and 7, as fy (1) remains positive.
Finally, in the uppermost curve of Figure 3b, both f; (%) and
Jfi (1) are negative, and a global maximum in f; above unity is
observed. In Figure 3¢ for 0<y<0.5, the lowest three curves
generate below Bi={[1-2%(1-+)""*/3]"" region I of no ex-
tremum, above this Bi up to 1+~ " in region III, two local
extrema—a maximum and a minimum—exist on either side of
Zand above 1 + 4! as before we encounter the single maximum
region II.

Features of Figures 3a and 3b provide insight into the com-
peting transport processes and role of the Biot number, Bi.
For y>0.5 (Figure 3a) and large Biot number, the product
layer resistance dominates. As the reaction proceeds, a thicker
product layer decreases the interfacial gaseous reactant con-
centration, ¥;, but u; ultimately returns to unity as the reaction
goes to completion and the interface z vanishes. Hence, there
is a minimum in &; during the course of the reaction, resulting
in a maximum in A(u;) and consequently in f;(z). For lower
Bi values, the external mass-transfer resistance dominates,
leading to relatively low «; values initially. However, since at
reaction completion u; becomes unity, the «; value increases
monotonically as reaction proceeds. Thus, #(«;) and f,(z)
display monotonically increasing behavior, as seen in Figure
3a.

In Figure 3b for y<0.5, the uppermost and lower curves
for large and relatively small Biot numbers are similar to those
just discussed. For intermediate Bi values (second curve from
the top), both external film and product layer resistances must
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be considered. The decreasing external mass-transfer resistance
with shrinking particle dimension initially causes u; to increase.
Subsequently, the developing product layer reverses this trend,
but u; eventually returns to unity as the reaction goes to com-
pletion. These two reversals reflect in a minimum and a max-
imum in f;(z) as shown in Figure 3b.

Dynamics of reaction interface movement and prelim-
inary shape considerations

For monotone increasing kinetics g’ (#;) =0, along with Eq.
14, Figures 2a, 3a, and 3b show the dynamics of the interface
movement as well as its geometric stability. An accelerating
reaction interface coordinate gives geometric instability, while
a decelerating coordinate is stable (Doraiswamy and Sharma,
1984). Consider, for example, the case of a sphere (F,=3).
As z varies from 1 to 0, the corresponding value of the interface
gas concentration, u;, is obtained by the solution of Eq. 20:
h(w;)=f(z). If the parameters Bi and v lie in region I, as the
reaction proceeds, ; increases monotonically from u;,, given
by the unique solution of h(u;) =f,(2) =1, to u,=1, given by
the unique solution of A(u;) =£,(z) =0. Then, from Eq. 14,
the magnitude of the reaction front velocity z will also increase
as the reaction proceeds. However, if Bi and « lie in region
I1, u, first decreases from ;4 to its minimum value, u,,, and
then increases eventually to 1 as z decreases to 0, and the
reaction front velocity will first decrease in magnitude and
then increase continuously. Finally, region III corresponds to
the case when u; first increases from u; to its maximum value,
Uy, decreases to its minimum value, u;,, and then increases
eventually to 1 as z decreases from 1 to 0. Hence, for Bi and
v pairs in region III, the reaction front speed will first increase
to a local maximum, followed by a decrease to a local mini-
mum, from which it will increase again to a final value.

It is worth noting that when dealing with particles of un-
changing size (y=1), only regions I and II exist (Cao et al.,
1993). The final value of u;, that is, u;=1 for the case of
spherical particles, while it is less than 1 for slab particles. This
finding depends only on the shape of the particle itself. This
can be explained by recalling that in the sphere case, as the
surface area of the reacting interface decreases to zero, the
concentration of the gaseous reactant at the interface contin-
uously approaches the external value as the reaction goes to
completion. On the other hand, the surface area of the reacting
interface in the corresponding slab problem does not change
with reaction and at the instant when the solid reactant is
exhausted, the gas concentration remains finite and less than
one. After this, there is nothing to sustain the gas concentration
gradient within the product layer, and hence in due course it
approaches unity.

For brevity, the case of cylindrical particles (F,=2) is not
detailed since the behavior of f,(z) in Eq. 20 is similar to £5(z).
Thus, an analogous behavior as in Figure 3¢ is obtained; par-
ticularly, the curve separating region I from region II is given
by Bi=v""'. Also, y=0.5 again represents a critical number
for this particle geometry. For 0<vy<0.5, f,(z) reaches an
inflection point at Z=[y/(1 ~+)}""%. Thus, the locus of the
points where f; (Z) =0, which separates regions I and III, is
given by Bi=2[1-1n(2-2v)]~', which gives Bi=6.52 at y=0
and Bi=2 at y=0.5.

For each particle geometry, these general considerations are
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independent of the form of the reaction kinetics g(u;), and
depend solely on the relative magnitudes of the external and
product diffusion resistances (Bi) and the ratio between the
volume of solid product formed to the volume of the solid
reactant {vy). While the above analysis provides a qualitative
picture of the reaction process, the different forms of e, (D)
compared in the next section lead to the effects of particle
shape.

fc, Inequalities from Particle Shape

Figures 2 and 3 show the interfacial dynamics for the slab
and sphere geometries in general. A comparison of the func-
tions f; and f; under equivalent conditions generates several
fundamental inequalities on the interfacial concentration, the
rate of advance of the reaction, and the time required to reach
solid conversion that arise due to particle shape. These in-
equalities are valid for any nonlinear monotonically increasing
kinetics g(u;), as well as for both expanding and shrinking
particles.

We recall from Egs. 21, 22 and 23 that f functions are unity
at z=1 and note the inequalities of the slopes

fiD=1-vy(Bi+1)<1—v(Bi- 1)=fi(1). (28)
The derivative f,(1) is always less than unity (Figure 2a), com-

bined with the nonvanishing property of f;” for v> 0.5 (Figure
3a) guarantees that f; lies above f; for any z and v:

N>/ 29

For 0<y<0.5, the inequality is restricted to sufficiently small
values of Bi. To demonstrate this, let us examine the difference
(fi—f;) from Eqgs. 21 and 22:

Si—=fi=(Bi-Dz(j—N) (30a)
where
= (Bt (o)
Jj= ( 3] ) (z l) 1 (30b)
and
Az )= —10-M+yz77 (30c)

In the case of 0<Bi<]1, j< —1 and f; will lie above f;. In
Figure 4, j is plotted vs. z~! for various Bi>1 and A, and we
seek the crossover value Bi where j is tangent to A coming
from above. It is straightforward to show from Eq. 30c that
for 0<vy<0.5, AN(z7)<0, M1)= -1, A" =dr/d(z"") >0,
A’(1) =4, and an inflection point X" =d*\/d(z™ ") =0 occurs
at z7'=4"'—1 where A" goes from positive to negative. The
curve A is fixed in Figure 4 as Bi is varied from unity, but the
slope of j decreases from a very large positive value for Bi
near unity down to its tangency with A at Bi, and then further
down to its lowest value v when Bi— oo, For Bi> Bi, the region
of crossover of j and \ generates an interval in z~! where
Jfi—/f,<0. The Bi in general, however, must be found numer-
ically, as shown in Table 1. An analytical sufficient condition
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Figure 4. Shape of functions j and X given by Eqs. 30b
and 30c for 0<y<0.5 and Bi>1.

The straight lines represent the function j for various values of
Bi, while the sigmoidal curve represents the function . From Eq.
30a, the sign of the difference f,-f; is the same as that of j-A,
and reverses sense for Bi> Bi over an interval, For Bi= Bi*, the
slopes of j and A at the inflection point ™' are equal.

for the inequality can be obtained by setting A\’ )
=j’(z” ")y and A" (z7!) =0 at the inflection point:

Bi*= (x+v)/(x—v) <Bi (31a)

for

x=%""/[16(1 - )1 (31b)
The condition Bi< Bi* is a sufficient condition for the shape
inequality f,>f;. In general for 0<+y<0.5, we have the less
conservative exact condition

Bi<Bi (32a)

for the pointwise inequality

Si>fi; 0<y<0.5, (32b)
By following the same strategy as described above for spheres,
i and f, forms can also be compared. As the arguments are

similar, we state only the results

fHi>f, for v>0.5 (33a)
Table 1. Estimated Upper Limit on Bi Values, 0 <y <0.5*
Bi Bi* Bi Bi*

Y (n=1) (n=1) (n=0) (n=0)
0.05 2.32 1.99 14.80 11.37
0.1 3.69 3.05 15.80 12.27
0.15 5.61 4.53 18.67 14,53
0.2 8.52 6.77 23.55 18.31
0.3 22.18 17.23 46.88 36.16
0.4 96.38 73.49 167.88 127.87
0.5 o oo o o

* Pointwise inequalities f; — ;>0 and ¢, — f;> 0 continue to hold. Bi* is a weaker
analytical estimate from Eq. 31a, while Bi is a numerical determination.
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and

fi>f, for 0<y<0.5 and Bi<Bi (33b)
where Bi is the tangency that occurs as the slope of the straight
line P=2(Biy +v)Bi~'(z~'— 1), decreasing with increasing Bi,
contacts the curve ¢ =In[yz %+ 1 —+~)]. Similarly to the sphere
case in Figure 4, equating the slope of the line P with that of
g, as well as setting ¢” =0 at its inflection point, gives an
analytical lower bound on B for a cylindrical particle

Bi*=y(y—v)"'<Bi (33d)

with

y=v"/12(1-y)". (33¢)

Shape Inequalities on Interfacial Concentration,
Reaction Coordinate, and Instantaneous Conver-
sion

The fundamental shape inequalities for the slab vs. the sphere
or the slab vs. the cylinder developed in the previous section
hold for any monotone kinetics and any volume change vy
during reaction, with sufficient conditions subject only to an
upper limit Bi<Bi for 0<y<0.5. For fixed Bi, v and Da
values, the shape inequalities 29-32 for a sphere and 33 for a
cylinder can be recast from Eq. 20 for any reaction coordinate
value z as:

(I—u)g™ () 1 p,er> (1 - )8~ (4) 1 5,-23 (34

For any specified monotone kinetics g (%;), this provides bounds
for the interfacial concentration u; as

ulp 1> ulp 23 (35

and from Eq. 14 leads directly to a shape bound on the in-
terfacial rate of motion

0= — (dz/dr) g, < — (dz/dT) £ 25 (36)

Integrating from unity to any z provides the shape bounds on
particle conversion times:

Tlg=1>7lE 2 (37
and conversely for the reaction position at any time 7:
12Z|pp=1>zlpp=2’320. (38)
Note that since z is less than unity, as long as inequality 38 is
valid, cubing z for a sphere or squaring it for a cylinder to
obtain the conversion X from Eq. 19 will preserve the sense
of the inequality at any time 7:

0=Xlp_s3<Xlp =1 39)

However, as aresult, the shape inequalities on X will be weaker
than those on z.
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Table 2. First-Order Reaction g(u) = u: Dimensionless Time
7 Required to Reach Reaction Interface Position z for Particles
of Changing Volume

slab (F,=1):

2 _ 2 nl_
r,:l—z+%[22——l—a ! G )

1—v Bi(n+D({1—7)
cylinder (F,=2):

Tz=1-H%[sz(zmz—1)_“(1““‘1)+1+2(1—.z’)]

1-v Bi
sphere (F,=3):

_ Da ) 3(1-a??) i_
73—1—z+—6-[3(1—z)+———(1_7) <Bi 1>:|

To illustrate the shape bounds, we consider the slab, cylinder
and sphere solutions in Table 2 for linear kinetics g(u;) =u;,
for various vy, Bi and Da combinations. The case of slab with
n=0 in the Appendix is also addressed here for comparison.
As an example, let us consider the case y=2 and Bi=3 lying
in region II of Figure 3¢c. From Eqs. 29 and 33a, AS and All,
both the n=0 and n=1 slab (F,=1) solutions should bound
from above the cylinder (F,=2) and the sphere (F,=3) plots
for z, for all values of time 7. However, since y> 1, the n=0
slab solution should be the best bound and in Figure 5a these
z shapes inequalities of Eq. A1l are clearly demonstrated. The
weaker conversion inequalities of Eq. 39 and A20 are shown
in Figure 5b.

The parameter values y=0.25, Bi=3, and Da=10 lie in
region I of Figure 3c. First, since 0<y<0.5, from Table I,
Bi<Bi* for both n=0 and n=1, hence inequalities 32b and
A10apply. For the cylinder, from Egs. 33d and 33e, for y=0.25
we have Bi* =25.8 for n=0and Bi=12.9 for n=1; since Bi=3
lies well below both of these, the slab shape inequality 33c can
be used. However, since y < 1, the slab with n=1 should give
the better shape inequality than n=0 as demonstrated in the
Appendix. Figure 6a clearly shows this for Da= 10, which is
consistent with the corresponding X-shape inequalities in Fig-
ure 6b. Figures 5a and 6a also show that the sensitivity of z-
shape curves to pellet geometry decreases as y decreases.

1.0
N L @
c
,g 0.8 |-
k] y=2
& r Bi=3
§ 06 L Da=10
b=
9 L
£
2 0.4
°
c L
Re]
[72]
% 02 F Fp=2 (- Fp=1
§ | F 3 Fp=1 n=
0O P n=0

0.0 [ ) 1 1 |

0 4 8 12 16

Dimensionless Time, t

Outside y < 0.5 and Bi > Bi, shape inequalities A21-A26 and
34-39 apply without restriction for either n=0 or n=1. The
case y=0.1, Bi=100 and Da =100 is now selected, which lies
within the space where sufficient conditions could not be es-
tablished. While the inequality of the slab solutions, that is,
the solution for n=0 lies above n=1 for y < 1, does not change
following Eq. A2, Figure 7a clearly provides a counterexample
for the shape inequalities. A complete inversion of the geo-
metrical order is observed when comparing the z plots of Figure
7a with those of Figures Sa and 6a. Thus, in general, for
0<y<0.5and Bi> Bi, the z-shape inequality of slab over sphere
and cylinder may not exist. Since all the z values are between
0 and 1, in cubing z for spheres or squaring z for cylinders to
calculate the conversion, a value of z above the slab for a
specific 7 value may give a z° or z* that lies below the slab z.
Clearly, the corresponding conversion curves in Figure 7b may
not preserve the shape inequalities of Figure 7a.

Application to Fluidized-Bed Reactor Design

Fluidized-bed reactors are employed for a variety of chemical
and metallurgical processes (cf. Kunii and Levenspiel, 1969;
Szekely et al., 1972), and in their modeling the noncatalytic
reaction of particles with the surrounding fluid can frequently
be described in terms of the SIM. In particular, by assuming
uniform gas concentration, single size, mixed flow and no
carryover of solids, it is well known (cf. Levenspiel, 1972) that
the mean conversion of solids leaving the reactor can be written
as:

exp(— t/7) dt

- “0)

X=1- gtlx" 1-X)
0

where ¢1,_, represents the time for complete reaction of a
particle, X is the solid conversion, and 7 is the mean residence
time of solids in the reactor. For spherical particles (F,=3)
initially of uniform size, this expression which can be written
in dimensionless form as

tHlx=a
= exp(—1/8)
Xp,_,=1- S ll_XFp=3(T)]——0_dT 41)
0]
1.0
Fp=3 Fp=1
o n=0
Fp=2 Fp=1
xX 08F[ n=1
c
R i
2
o 06
g b
S - (b)
O
L 041
Q
b4 L
@
- y=2
0.2 Bi-3
Da =10
0.0 ) 1 1 L { L
0 4 8 12 16

Dimensioniess Time, ©

Figure 5. General-shape inequalities for linear kinetics for y>1.
Slab results for n=0 are always closer to curves for the sphere and cylinder than n=1 for y>1. The dimensionless interface position z(a) and

conversion X (b} vs. dimensionless time 7.
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Figure 6. General-shape inequalities for linear kinetics for 0.5<y<1 or 0<vy<0.5 with Bi< Bi.
Slab results for n=1 are always closer to curves for the sphere and cylinder than n=0 for y<1. The dimensionless interface position z{g) and

conversion X (b) vs. dimensionless time, 7.

cannot be integrated analytically in general and has been eval-
uated in the literature only by assuming a particular controlling
resistance as well as first-order reaction with respect to the
gaseous reactant (cf. Yagi and Kunii, 1961; Levenspiel, 1962).
Since the solid conversion is related to the dimensionless po-
sition of the reaction interface through Eq. 19, it follows from
Eq. 38 that for any fixed set of Da, g(u;), v>0.5 with any Bi
or 0<y<0.5 with Bi< B,

— 1™
I—XF,,=3='§S z}P,3(1)exp(~7—/9)a’7
0

5%5‘ 2z 1 (7)exp(— 7/8)dr
0

1"
S§§ 2f,=1(T)exp(—7/6)dr 42)
0

where 7, is the reaction time for complete conversion of the
particle of geometry indicated by F,. This result demonstrates

1.0
R\ @
2 o1
= L y=0.
g 08 Bi=100
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493
3
E 0.6 {
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& 04
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€ 02|
g Fo=1
B T n=0

0.0 — i
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that the fraction of original solids of spherical shape which
remains unconverted at the reactor exit is bounded above by
the corresponding quantities related to particles of slab shape.
This is not surprising since in the last section we showed that,
except for y<0.5 and Bi sufficiently large Bi> Bi, the solid
conversion reached by a particle of spherical shape is always
greater than the corresponding slab, and thus for the same
residence time in a fluidized reactor this is also true for the
mean solids conversion, In Eq. 42, while the extreme ends of
the inequality demonstrate that the slab average conversion
bounds that of the corresponding sphere (or cylinder for F, = 2),
for practical purposes the middle z}fl integral will give better
reactor volume estimates.

It is noted that the average conversion results can be applied
for any nonlinear monotonic kinetics, and expanding or many
cases of shrinking particles (y>0.5) without restriction. If we
specify the values of y, Da, Bi (Bi<Bi for the case of v <0.5)
and consider linear kinetics, we find using ZF,=1(7) obtained
for the case of first-order reaction with respect to the gaseous
reactant, coupling Eqs. 14, 15, 20 and 21, the following explicit
expressions of the integrals in inequality 42:

1.0

(b)

0.8

06

04

Particle Conversion, X

0.2

0.95
Da =100 . R s

0.0 L N L )
0 2 4 6 8

Dimensionless Time, T

Figure 7. Example of linear kinetics for 0<+y<0.5 with Bi> Bi.
In this region, shape inequalities can be violated. The dimensionless interface position z(@) and conversion X(b) vs. dimensionless time, 7.
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Mean Solid Conversion, X

4,0,0 Numerical solution (eq. 40)
— Analytical solution (eq. 43)

00 L 1 " L L —_ i 1
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Dimensionless Mean Residence Time, 0

Figure 8. Mean solid conversion X vs. dimensionless
mean residence time ¢ for no volume change
(y=1) and linear reaction kinetics.

Circles are numerical solutions for spherical particles and solid
lines are analytical lower bounds from Eq. 43.

T

%S 23,1 (7)exp(— 7/6)dr
0

3 3'
= — "1 +a) "u T (L +m/2)
[exp(ul)lga_m)!m!a( @)’ "u T

b ™+ m/2, p) =iy (L m/2, )] (433)

where
a=(1+BiDa "y(Biy+y"-1)"! (43b)
w=(01+BiDa "y (1+DaBi ") (Biy++4"—1)"'(20)"} (43c)
pa=p + 707! (43d)
sa= iy + [2—Da—pa(—iﬁ§<l—;?>jl(20)-' (43¢)

and ~* is the incomplete gamma function (Abramowitz and
Stegun, 1964). Equation 43 represents an analytical lower bound
on the average conversion in an isothermal fluidized-bed re-
actor with uniform gas concentration, single size, mixed flow
and no carryover of solids considered to be of spherical shape.
Equation 43 is derived without any assumption about possible
controlling regime, or about particle shrinkage or expansion.

Figure 8 shows the mean conversion X of the solid as func-
tion of the dimensionless mean residence time 6 for some com-
binations of Da and Bi values and for no volume change with
reaction (y=1). The bound given by Eq. 43 is quite close to
the true numerical solution of Egs. 10, 14, 15, 18, 20 and 37
for spherical particles, where the latter was obtained using
standard routines (IMSL Math/Library, 1989). For a fixed
value of the Damkohler number Da, the accuracy of the bound
given by Eq. 43 increases with increasing values of Bi. As Bi
increases, that is, the mass-transfer resistance in the external
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a,0,0 Numerical solution (eq.40)
~— Analytical solution (eq. 43)
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Figure 9. Mean solid conversion X vs. dimensionless
mean residence time ¢ for no volume change
(y=1) and linear reaction kinetics.

Circles are numerical solutions for spherical particles and solid
lines are analytical lower bounds from Eq. 43.

film around the particles decreases, higher values of the mean
solid conversion are reached for a fixed value of the mean
residence time. Figure 9 shows similar behavior in terms of
accuracy of the bound given by Eq. 43 with respect to the true
numerical solution, when decreasing the value of the Dam-
kohler number for a fixed value of Bi. Note that for a fixed
conversion, the dimensionless mean residence time 6 increases
with increasing Da. This seeming anomaly occurs because 6 is
itself proportional to Da (cf. Ramachandran, 1982). The an-
alytical bound Eq. 43 on the mean conversion includes the
possibility of size change and in Figures 10a-10b the bounds
are plotted for vy =2 and y=0.5, respectively, for Da= 100 and
Bi=10, and can be compared with the midcurve in Figure 8
for y=1. As expected, conversion decreases with increasing
v.
In the investigated region of parameter values, the solution
of the integral 43 for n=0 provides values that are only a few
percent different from the n=1 solution. In particular, the
integral 43 for n=1 provides the better bound for y< 1, while
n =0 provides the better bound for > 1 and the bounds cross-
over for a constant volume reaction = 1. For most practical
applications, the two bounds (with n=0 and 1) from Eq. 43
are quite close and only for values of 4 which are outside
physical limits (y > 9), the difference between the two solutions
becomes significant.

Finally, we note that owing to its accuracy in reproducing
the true numerical solutions, the bound given by Eq. 43 can
be used conveniently for reactor design. For any mean solids
conversion, the required residence time evaluated through this
bound and hence the reactor volume guarantees the desired
mean conversion of solids of spherical shape, as shown in
Figures 8, 9, and 10.

Concluding Remarks

Fundamental aspects of diffusion-reaction interaction for
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Figure 10. Mean solid conversion X vs. dimensionless mean residence time 6 for linear reaction kinetics.

Circles are numerical solutions for spherical particles and solid lines are analytical lower bounds from Eq. 43 from the slab shape analysis. For
expanding particles (y=2) n=0 is the better bound, while for shrinking particles (y=0.5) n=1 gives the tighter lower bound.

nonlinear gas-solid reactions following the sharp interface
model, uncovered here for the first time, are as follows.

¢ Depending on the relative magnitudes of the external mass
transfer (Bi), the ratio of the volume of the reaction products
to that of the starting materials (y), and the particle shape
(F,), the dimensionless gaseous reactant concentration at the
reaction interface of a spherical or cylindrical particle (#;) may
exhibit different features. Starting from a certain initial value
related to the above mentioned parameters: a) for small Bi, it
increases monotonically to unity as the solid reactant is con-
sumed; b) for large Bi, it first decreases to a minimum as the
product layer resistance builds up, and then increases to unity
at the cessation of the reaction; and ¢) for shrinking particles
and intermediate Bi, it first increases to a maximum, decreases
to a minimum, and then increases to unity at the cessation of
the reaction. For the slab shape, the behavior is simpler; there
is either a monotone increase of a monotone decrease from
the initial to the final value.

e While this study is limited to the isothermal problem as
noted by Mazet (1992), this assumption is valid for the majority
of cases. Any arbitrary monotone nonlinear kinetics, volume
change, and mixture of rate controlling steps are considered.
A systematic analysis of the evolution of the reaction in the
parameter space allows us to establish rigorously the effect of
particle shape. The solid conversion reached by a particle of
spherical or cylindrical shape is always greater than that of a
slab particle for all Da, v, and Bi (Bi<Bi for 0<y<0.5).
Similar inequalities exist for the interfacial concentration, re-
action coordinate, and speed of the reaction front.

¢ For a fluidized-bed reactor containing solid particles of
spherical shape, the fractional conversion of solid cannot be
obtained analytically in general, even for a first-order reaction.
By taking advantage of the g-priori bounds, however, the un-
converted fraction at the reactor exit is bounded by the cor-
responding values related to particles of slab shape. In
particular, one of these bounds can be obtained analytically
for a first-order reaction with respect to the gaseous reactant,
without any approximation about possible controlling regimes.
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In examples involving linear kinetics, various Da and Bi values,
and fixed volume, expanding or shrinking particles, these an-
alytical expressions give excellent accuracy when compared
with exact numerical solutions and hence can be used conven-
iently for reactor design. The accuracy of these linear kinetics
bounds and the analytical pointwise bounds of Cao et al. (1993)
for nonlinear kinetics suggests that expressions similar to Eq.
43 can be obtained for changing particle size with nonlinear
kinetics as well.
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Notation
Bi = Biot number, k,Ro/D,
Bi = value of Bi when j (or P) is tangent to the curve A (or q)
Bi* = a bound for Bi
C = concentration
D, = effective diffusivity of component 4
Da = Damkohler number, Rof(C4p)/D,Cap
Sf(Cy;) = interface reaction kinetics
fr,(z) = function defined by Eq. 20
g(w;) = dimensionless interface reaction kinetics
h = function defined by Eq. 20
F, = shape factor
kg = gas-film mass-transfer coefficient for constant particle size
J = quantity defined by Eq. 30b
M = molecular weight
n = parameter in Eq. 2 which depends on the particle Reynolds
number
g = function defined by Egs. 16-18
R = characteristic length for any particle shape at any time
R, = interface reaction rate
R; = position of the reaction interface
S, = particle surface area
t = time
¥ = mean residence time
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dimensionless gas concentration, C,/C,,

particle volume

solid conversion

mean conversion of solids leaving the reactor
dimensionless position of the reaction interface, R;/R,
value at which A(z™") [or g{z™")] has an inflection point
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Greek letters

v+ -y

volume of product § formed per unit volume of reactant
B reacted, pgrgMy/psvpMy

function defined by Eq. 30c

function defined by Eq. Al

function defined by Eq. A8

dimensionless mean residence time, vy f(Ca, )M,/ v1p5R,
stoichiometric coefficient

density

dimensionless time, vy f(Cq3)Mgt/v4psR,

dimensionless time required for conversion X=1 for par-
ticles of different shape

quantity defined by Eq. 31b

quantity defined by Eq. 33e

dimensionless interface reaction rate, R,/R,,
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Subscripts

gas reactant

value in the bulk of the gas phase
solid reactant

final value

value at the interface between the product layer and the
unreacted core

minimum value

maximum value

initial value

gas product

value at the particle external surface
solid product
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Appendix

The results obtained when considering the case of constant
film resistance, n=0, for the flat plate are summarized here
and compared with those for other geometries when n=1.
From Eq. 20, we have:

¢y =Biy+1~Bivz=h(u,) (A1)

which represents the dashed straight line in Figure 2a, whose
slope is ¢| = ~ Biy. The two functions f, and ¢, are identical
for y=1. For the shrinking particle (y<1), all three cases of
/i in Figure 2a lie below the line for ¢,,

e>fi for y<l. (A2)
For the expanding particle (y> 1), both cases (n=0, 1) allow
only increasing ¢, and f; functions as z decreases from 1 to 0,
that is, decreasing u;, and the uppermost line f; for v > 1 always
lies above ¢;:

e <f; for vy>1. (A3)

For n=0, region II in Figure 2b is the entire Bi-y plane.
From Egs. 20 and Al

ei()=-Biy<l-y(Bi-1)=f(1). (A4)

Using the same arguments utilized in the text and considering
Eqgs. A2 and A3 we have

fize>fy for y>1 (A5)

and

1
e >fi>f; for 1>7>§. (A6)

The tighter inequalities give the best shape bounds as discussed
earlier. For 0<vy<0.5, the same strategy followed for (f;—f3)
is considered when analyzing the difference (¢,—f;). From
Egs. Al and 22

e1—fy=(Bi—1z({- M), (A7)

Biy+1) (1
= ——1)-1 A8
£ (Bi~l > (z 1) (A%)
and A(z”)) is defined in Eq. 30c. A plot similar to that in

Figure 4 can be constructed. The inequality Bi < Bi* < Bi, where
Bi* is given by

where

Bi*= (x+ 1)/ (x—v)<Bi (A9)

with x as in Eq. 31b represents a sufficient condition for
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e >fi>fy; 0<y<0.5 (A10)
Since for 0<y<0.5, j< ¢ for any finite Bi, the critical Bi and
Bi* for n=_0 lie above those for n= 1 (Table 1). As each bound
¢; and f, applies independent of the other, Bi for n=1 relates
to f;; however, above that Bi value the ¢, inequality will con-
tinue to apply until Bi for #=0 is reached. The weaker bound
gives broader coverage.

By following the same strategy as described earlier, the ¢,
and f, forms can also be compared. As the arguments are
similar, we state only the results in this case:

Size>f, for 1<y, (All)
e>fi>f, for 0.5<y<l, (A12)
or>fi>f, for 0<y<0.5 (A13)

whenever

Bi< Bi,

where Bi is the tangency that occurs as the slope of the straight
line Q=2 (Bivy+ 1)Bi ' (z™ '~ 1), decreasing with increasing Bi,
contacts the curve g. An analytical lower bound on Bifor a
cylindrical particle is

Bi*= (y—v) ' <Bi, (Al4)

with ¢ given by Eq. 33e.

From the fundamental shape inequalities above, the follow-
ing inequalities on the interfacial concentration, reaction co-
ordinate and instantaneous conversion can be obtained for
y>1

A -u)g " () ppmp ne1 >~ )8 (W) gm0

>(I—u)eg " (#) =25 (ALS)
Ul i1 > Uil gt nm0> Uil g2 (A16)

0= — (dz/dr) | g,oy -y < — (d2/dT) |5, 21,00
<~ (d2/dT) s (A7)
Tl otn=1>7lg 1 0> 7lE 223 (A18)
122051 2-1>2 5ot nm0>21 522320 (A19)
OleFp,,,,,:,>XIFP=1,,,=0>X|FP=ZV351 (A20)

and for 0.5<y< 1, as well as for 0<y<0.5 whenever Bi<
Bi:

(I—u)g (U)ot o> (1~ )87 () L ppmi e

> -u)g Nu)lp 25 (A21)
Ulp ot 0> Uil ct ey > Uil E a2y (A22)

0= — (d2/d7) g et n=0< — (d2/dT) 5 ot n=
< —(dz/dr) g 2;  (A23)
TlEe1n=0>Tlpc1 021 >7lg,223 (A24)
1zzlppzl_,,:0>zipp=,,,,=,>zlpp=2'320 (A25)
0=Xlpot,p=0>Xlp 01> Xlp o031 (A26)

The shape inequalities above are compared in Figures 4-6 for
selected combinations of the parameter values.
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